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We prove the global existence and the global uniqueness (in the class of
Brownian semimartingales) of the geodesic with respect to an adapted Markovian
connection on the path space over a compact Riemannian manifold. The Wiener
measure is proved to be quasi-invariant under the geodesic transformation.  2000
Academic Press
1. INTRODUCTION
The purpose of this paper is to study the existence and the uniqueness
of the geodesic with respect to a Markovian connection on the path space
over a connected compact Riemannian manifold.
1.1. Background
If M is a Riemannian manifold and { is any given connection on M, the
classical theory of Riemannian geometry states that for any point p # M
and any initial tangent vector v # TpM, there is a =>0 and an unique
geodesic #: [0, =]  M with #(0)= p and #* (0)=v, i.e., the geodesic exists
and is unique locally. In fact, the geodesic is a solution of a second order
ODE on a Riemannian manifold. If we consider the tangent bundle TM,
the geodesic flow defined by ( p, v)  (#(t), #* (t)) is a one-parameter group
generated by a vector field, the so-called geodesic spray on TM. In the case
of a finite dimensional Riemannian manifold, the geodesic spray is a
smooth bundle map. Hence the above classical existence and uniqueness
result of geodesics is derived from the well-known result on the existence
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and the uniqueness of an ODE in Euclidean space satisfying the local
Lipschitz condition. Concerning the problem of existence, we can use
Peano’s theorem on the existence of solution of ODE in finite dimensional
spaces, which only needs the vector field to be continuous. These two
approaches fail in the infinite dimensional case, in general the geodesic
spray is not a C1-smooth bundle map on the tangent bundle of an infinite
dimensional Banach manifold, and we cannot use the result on the exist-
ence and the uniqueness of the solution of an ODE in a Banach space
which satisfies the local Lipschitz condition to construct the local geodesic
flow; moreover some counter-examples due to J. Dieudonne [4] and
J. A. York [16] show that the classical Peano’s existence theorem fails in
general infinite dimensional Banach spaces. Hence the existence and the
uniqueness of the geodesic on an infinite dimensional manifold are not
established for any given connection.
1.2. Connections on the Path Space
From now on, let M be a compact Riemannian manifold, {M be the
LeviCivita connection on M, and m0 be a fixed point in M. We denote by
Pm0(M) the path space of all continuous paths # from [0, 1] into M such
that #(0)=m0 .
Recall that the existence theorem of a connection on any finite dimen-
sional vector bundle (not necessary the tangent bundle over a Riemannian
manifold) is based on the smooth partitions of unity on the underlying
manifold, but this method fails on a general vector bundle over infinite
dimensional Banach manifolds by lack of such smooth partitions of unity.
In [7], H. I. Eliasson studied the geometry of manifolds of maps between
two manifolds and introduced some connections on the tangent bundle
over the mapping manifold. Following [7], we can consider the pull-back
connection on the path space. This connection is defined as follows: for any
vector fields X, Y along the path # # Pm0(M ), {XY is a vector field along
# such that
({X )(#, {)={MX({) Y({). (1.1)
We would like to mention that the pull-back connection on the
C-smooth free loop space C(S1, M ) over a compact manifold M has
been used in the proof of the AtiyahSinger index formula (cf., e.g.,
M. F. Atiyah [1], J. M. Bismut [2]), and by R. Le andre in [13] in the
study of rotationally invariant Sobolev space over the free loop space. In
Eliasson [8] and Klingenberg [12], the pull-back connection and its
geodesic have been considered on the H1-loop space H1(S1, M ) over a
compact manifold M.
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Returning to the path space Pm0(M ), for h # H, we define the basic vector
field Xh on Pm0(M) by
Xh(#, {)=t#{  0(h({)), +-a.s. # # Pm0(M ), \{ # [0, 1], (1.2)
where t#t  0 denotes Ito^’s parallel transport along the Riemannian
Brownian motion on M (cf., e.g., Definition 2.1 below). The smooth curve
on Pm0(M ) defined by
#h(s) :=exp#({)[sXh({)]. (1.3)
is then the geodesic on Pm0(M ) w.r.t. the pull-back connection starting
from # with initial CameronMartin tangent vector Xh . Unfortunately, as
pointed out by B. K. Driver in [5, p. 319, Example 5.1(c)] (see also
Section 10 in [5]), the Wiener measure on Pm0(M ) is not quasi-invariant
under the transformation #  #h (s). Hence from the point of view of
stochastic analysis on Pm0(M ), the pull-back connection is not very
interesting.
D. W. Stroock [15] suggested the following flat connection on Pm0(M ),
which is defined as a linear connection on Pm0(M ) such that
{Xh Xk=0, \h, k # H. (1.4)
where Xh is the basic vector field on Pm0(M ) determined by h # H
(see (1.2)).
The geodesic corresponding to the flat connection on Pm0(M ) is just the
following geometric flow generated by the vector field Xh on Pm0(M ),
d#(s)
ds
=Xh(#(s)). (1.5)
B. Driver [5] proved that there exists an unique global solution of (1.5)
taking values on the space of ‘‘Brownian semimartingales’’ (see Definition 3.1
below) and that the Wiener measure + on the path space Pm0(M) is quasi-
invariant under this flow if h # H & C1. His results have been improved for
any h # H by other authors, cf., e.g., E. Hsu [10, 11], O. Enchev and
D. W. Stroock [9], and T. J. Lyons and Z. Qian [14].
In [3], A. B. Cruzeiro and P. Malliavin introduce a Markovian connec-
tion on the path space Pm0(M ), which is an adapted connection preserving
the H1-Riemannian metric on Pm0(M ) with non-zero torsion. Following
[3], one advantage of the Markovian connection is that we can obtain a
very simple formula on the derivative of the stochastic integral on the path
space using the Markovian connection; moreover a similar result to the
BochnerWeitzenbo ck formula (with a covariant derivative of the torsion)
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can be established. The LeviCivita connection on Pm0(M) has also been
considered by Cruzeiro and Malliavin [3]. But the problem of existence of
geodesics with respect to the LeviCivita connection on the path space
remains open.
2. EQUATION OF GEODESICS ON THE PATH SPACE
In this section, we recall a theorem about the differential of the inverse
Ito^ map and the definition of the Markovian connection on the path space,
then we describe our question about the geodesics on the path space.
Let X be the Wiener space, i.e., X=[x # C([0, 1], Rd) : x(0)=0], H=
[h # X : &h&2H=
1
0 |h4 ({)|
2 d{<] be the CameronMartin space, +0 be the
Wiener measure. Let O(M ) be the orthonormal frame bundle over M, and
?: O(M )  M be the canonical projection. Let A1 , ..., Ad be the canonical
horizontal vector fields on O(M ) and let r0 # O(M ) be fixed such that
?(r0)=m0 . We consider the following Stratonovich SDE on O(M ),
drx(t)= :
d
i=1
Ai (rx(t)) b dxi (t), (2.1)
with rx(0)=r0 , where x # X.
The Ito^ map I: X  Pm0(M) is defined as I(x) :=#x :=?(rx), and the
Wiener measure on the path space is given by + :=I
*
+0 . Hence the Ito^
map I is a measure theoretic isomorphism between (X, +0) and (Pm0(M), +).
Following Cruzeiro and Malliavin [3], we call ’ a tangent process on
the Wiener space X if ’ is a Rd-valued semimartingale defined on X whose
Ito^ differential is given by
d’:({)=a:; dx;({)+b: d{, :, ;=1, ..., d,
with a:;=&a;: such that ’ # C1, where we denote by C1 the class of semi-
martingales ’ such that besides its representation in Ito^ integral, ’ can be
represented in terms of Stratonovich integrals.
Theorem 2.1 (Driver, Cruzeiro, and Malliavin). For any tangent
process ’ on the Wiener space X, its image under the differential of the
inverse Ito^ map I &1: Pm0(M )  X is a tangent process on X; moreover
I
*
&1(’)(x, {)=’({)&|
{
0
q’(r) b dx(r). (2.2)
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where I
*
&1 denotes the differential of I&1: Pm0(M )  X,
q’({)=|
{
0
0rx(r)(’(r), b dx(r)). (2.3)
Proof. Compare Theorem 5.1 of Driver [5] (for ’=h # H ), and
Theorem 2.6 of Cruzeiro and Malliavin [3] for ’ being a tangent
process. K
Now we recall the definition of the Markovian connection introduced by
Cruzeiro and Malliavin [3]. For its geometrical definition, we refer to
(7.1.1) of [3].
Definition 2.2. The Markovian connection on the path space Pm0(M )
is defined as a linear connection such that for any constant vector fields u,
v # H, we have

{
{uv(#, {)=qu({) v* ({), (2.4)
where qu is given by (2.3) by taking ’=u.
Definition 2.3. A continuous curve \: [0, =)  Pm0(M) for some =>0
is called a geodesic with respect to the Markovian connection { if and
only if
\$(s)=T\(s)(Pm0(M )),
and
{\$(s)\$(s)=0, (2.5)
where \$(s) :=(s) \(s), and { is the Markovian connection defined as
above.
Proposition 2.4. Suppose that for some =>0,
\$(s) # T\(s)(Pm0(M )), \s # [0, =).
Then the equation of geodesic w.r.t. the Markovian connection is written as

s
z* (s, {)+qz(s)({) z* (s, {)=0, (2.6)
186 XIANG DONG LI
where
z(s, {)=t\(s){  0\$(s, {), z* (s, {)=

{
z(s, {). (2.7)
qz(s)({)=|
{
0
0\~ (s, z)(z(s, r), b d!(s, r)), !(s, } )=I &1(\(s))( } ). (2.8)
Here for any fixed s, \~ (s, } ) denotes the horizontal lift of \(s, } ) from Pm0(M )
into Pr0(O(M )), i.e., \~ (s, {)=t
\(s)
{  0 b r0 .
Proof. By the definition of the Markovian covariant derivative along
the curve \(s) in Pm0(M), we have
{\$(s)\$(s)=t\(s)0  {{z(s) z(s)({). (2.9)
Notice that

{
{z(s) z(s)=Dz(s) z* (s, {)+qz(s)({) z* (s, {). (2.10)
Moreover by the geometric meaning of the vector field Dz(s) on Pm0(M), we
have
Dz(s) z* (s, {)=

s
z* (s, {). (2.11)
The result is derived by combining (2.9), (2.10), (2.11), with (2.5). K
Now we state the following questions.
Question 2.5. For +-a.s. # # Pm0(M ) and for any h # H, does there exist
a =>0 and a geodesic \(s): [0, =]  Pm0(M ) with respect to the Markovian
connection, such that \(0)=#, \$(0)=Xh (where Xh is defined in (1.2),
# # Pm0(M ))? If the geodesic exists, is it unique? If the geodesic exists and is
unique, does the life time of geodesic ==?
Question 2.6. Let h # H be fixed. If we denote by +hs =\(s)* + theimage measure of the Wiener measure + under the geodesic transformation
#  \(s) on the path space, is +hs absolutely continuous with respect to +? That
is, is the Wiener measure quasi-invariant under the geodesic transformation
\(s) on Pm0(M )?
Remark 2.7. The above two questions cannot be separated. The second
question requires the existence of the geodesic transformation on Pm0(M );
and the first question cannot be considered if the geodesic transformation
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does not leave the Wiener measure quasi-invariant. In fact, if the law +hs =
\(s)
*
+ of \(s) is not absolutely continuous with respect to +, the vector
field z(s, {)=t\, (s){  0(\$(s, {)) is no longer well defined, since the Ito^ parallel
transport t.{  0 was only defined up to +-equivalence on the path space
Pm0(M). This certainly renders the equation of the geodesic meaningless.
Therefore, the issues of existence of geodesic and quasi-invariance of the
Wiener measure under the geodesic transformation are inseparable.
3. EXISTENCE AND UNIQUENESS OF GEODESICS
In this section, we give answers to the above mentioned questions. More
precisely, as in Driver [5], we restrict ourselves to the class of ‘‘Brownian
semimartingales.’’ We prove the global existence and the global uniqueness
(in the class of ‘‘Brownian semimartingales’’) of geodesics, the quasi-
invariance of the Wiener measure under the geodesic transformation.
Definition 3.1. An Rd-valued semimartingale ! is called a Brownian
semimartingale if its DoobMeyer decomposition under the Wiener
measure +0 has the form
!(x, {)=|
{
0
O(r) dx(r)+|
{
0
A(r) dr,
where (O({), A({)) is a continuous adapted End(Rd)_Rd-valued process.
We call a M-valued semimartingale Z a M-valued Brownian semimar-
tingale iff f b Z is an R-valued Brownian semimartingale on the Wiener
space for all f # C(M ).
We denote by BS(M) the space of all M-valued ‘‘Brownian semimar-
tingales.’’ By Proposition 4.1 of Driver [5], a M-valued semimartingale Z
is a M-valued Brownian semimartingale (i.e, Z # BS(M )) iff !=I &1(Z) is
an Rd-valued Brownian semimartingale (i.e., ! # BS(Rd)).
Proposition 3.2. The geodesic equation w.r.t. the Markovian connection
on the path space Pm0(M ) is equivalent to the following equation on the
Wiener space X,

s
!(s, {)=z(s, {)&|
{
0
qz(s)(t) b d!(s, t),
(3.1)

s
z* (s, {)=&qz(s)({) z* (s, {),
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where the stochastic integral is taken in the sense of Stratonovich, and
!(s, {) :=I&1(\(s))({), (3.2)
Proof. By the definition of z(s, {), we have

s
\(s, {)=t\(s){  0z(s, {)=Xz(s)(\(s))({). (3.3)
Using Theorem 2.1, the vector field Xz(s) on the path space Pm0(M ) will be
pulled-forward to the vector field I
*
&1(Xz(s)) on the Wiener space X via the
differential of the inverse Ito^ map I&1: Pm0(M )  X; moreover
I
*
&1(Xz(s))(!s , {)=z(s, {)&|
{
0
qz(s)(r) b d!s(r). (3.4)
This implies that !s satisfies (3.1.1). Moreover z(s, {) satisfies the geodesic
Eq. (2.6), i.e., (3.1.2). K
From now on, we will also use \s({) (resp. !s({)) to denote \(s, {) (resp.
!(s, {)), etc.
By Ito^ calculus, we can prove that Eq. (3.1) is equivalent to the following
equation where the stochastic integral is the Ito^ stochastic integral,

s
!(s, {)=z(s, {)+
1
2 |
{
0
Ric\~ (s, t)(z(s, t)) dt&|
{
0
qz(s)(t) d!(s, t).
(3.5)

s
z* (s, {)=&qz(s)({) z* (s, {),
Note that if z(s) is proved to take values in H, then qz(s) is a so(d )-valued
adapted process, hence the right side of the first equation in (3.1) (or (3.5))
is a family of tangent process in the sense of Cruzeiro and Malliavin [3]
(or equivalently, an adapted vector field in the sense of Driver [5]).
Proposition 3.3. Suppose that (O(s, {), A(s, {)) is the DoobMeyer
decomposition of !(s, {), i.e.,
!(s, {)=|
{
0
O(s, t) dx(t)+|
{
0
A(s, t) dt. (3.6)
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Then

s
O(s, {)= &qz(s)({) O(s, {),
z* (s, {)=O(s, {) h4 ({), (3.7)
A(s, {)=sO(s, {) h4 ({)+
1
2
O(s, {) |
s
0
O(r, {)&1 Ric\~ (r, {)(z(r, {)) dr.
Proof. Replacing !s({)={0 Os(r) dxr+
{
0 As(r) dr into (3.5), we obtain

s
O(s, {)= &qz(s)({) O(s, {),

s
A(s, {)= &qz(s)({) A(s, {)+z* (s, {)+
1
2
Ric\~ (s, t)(z(s, t)),

s
z* (s, {)= &qz(s)({) z* (s, {).
Therefore
z* (s, {)=O(s, {) z* (0, {)=O(s, {) h4 ({),
and
A(s, {)=O(s, {) |
s
0
O(r, {)&1 [z* (r, {)+ 12Ric\~ (r, {)(z(r, {))] dr
=O(s, {) |
s
0
h4 ({) dr+ 12O(s, {) |
s
0
O(r, {)&1 Ric\~ (r, {)(z(r, {)) dr
=sO(s, {) h4 ({)+ 12O(s, {) |
s
0
O(r, {)&1 Ric\~ (r, {)(z(r, {)) dr. K
Theorem 3.4. For +0 -a.s. x # X and any h # H, there exists an unique
geodesic !: R  BS(Rd) defined for all s # R satisfying (3.1) and such that
!(0)=x, !$(0)=h&|
{
0
qh(r) b dx(r).
Proof. We assume that |s|S for some fixed positive S. C will always
denote some constant.
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Let’s consider Picard’s iteration, i.e., let O0(s, {)=IRd , A0(s, {)=0, and
define by induction a sequence of adapted processes as
!n(s, {) :=|
{
0
On(s, t) dx(t)+|
{
0
An(s, t) dt.
dU ns ({) = :
d
i=1
Ai (U ns ({)) b d!
n, i
s ({), U
n
s (0)=r0 .
q(zns )({) :=|
{
0
0Usn(t)(z
n(s, t), b d!n(s, t))
On+1(s, {) :=I&|
s
0
q(znr )({) O
n+1
r ({) dr, (3.8)
zn+1(s, {) :=|
{
0
On+1(s, t) h4 (t) dt,
An+1(s, {) :=sOn+1(s, {) h4 ({)
+ 12O
n+1(s, {) |
s
0
On+1(r, {)&1 RicU n(r, {)(zn(r, {)) dr.
We will prove the following result.
Lemma 3.5. Under the above notations, we have
E[ sup
{ # [0, 1]
&Ons ({)&O
n&1
s ({)&
2]C |
s
0
&!n&1r &!
n&2
r &
2 dr, (3.9)
E _|
1
0
|Ans ({)&A
n&1
s ({)|
2 d{&C |
s
0
&!n&1r &!
n&2
r &
2 dr, (3.10)
where for !({)={0 O(r) dx(r)+
{
0 A(r) dr, &!& is defined by
&!&2 :=E[ sup
{ # [0, 1]
|O({)|2]+E _|
1
0
|A({)|2 d{& . (3.11)
Proof. By the ODE (3.8.4), we obtain

s
([On(s, {)]&1 On&1(s, {))=&[On(s, {)]&1 q(zn&1s )({) O
n&1(s, {)
&[On(s, {)]&1 q(zn&2s )({) O
n&1(s, {)
=&[On(s, {)]&1 (q(zn&1s )({)&q(z
n&2
s )({))
_On&1(s, {).
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Integrating with respect to s and using the equality O1&O2=
O1(I&O&11 O2), together with the fact that O
n
s is an O(d)-valued process
because q(zn&1s ) is a so(d )-valued process, we can prove that
E[ sup
{ # [0, 1]
|Ons ({)&O
n&1
s ({)|
2]
C |
s
0
E[ sup
{ # [0, 1]
|q(zn&1r )({)&q(z
n&2
r )({)|
2] dr. (3.12)
By Ito^ calculus,
q(sns )({)=|
{
0
0Usn(t)(z
n
s (t), b d!
n
s (t))
=|
{
0
0Usn(t)(z
n
s (t), d!
n
s(t))+
1
2 |
{
0
LAi 0Usn(t)(z
n
s(t), ei) dt,
where LAi (i=1, ..., d ) denotes the Lie derivative on O(M ). Hence
q(zn&1s )({)&q(z
n&2
s )({)=A1(s, {)+ } } } +A8(s, {),
where
A1(s, {)=|
{
0
(0Usn&1(t)&0Usn&2(t))(z
n&1
s (t), O
n&1
s dx(t)),
A2(s, {)=|
{
0
0Usn&2(t)(z
n&1
s (t)&z
n&2
s (t), O
n&1
s (t) dx(t)),
A3(s, {)=|
{
0
0Usn&2(t)(z
n&2
s (t), (O
n&1
s (t)&O
n&2
s (t)) dx(t)),
A4(s, {)=|
{
0
(0Usn&1(t)&0Usn&2(t))(z
n&1
s (t), A
n&1
s (t) dt),
A5(s, {)=|
{
0
0Usn&2(t)(z
n&1
s (t)&z
n&2
s (t), A
n&1
s (t) dt),
A6(s, {)=|
{
0
0Usn&2(t)(z
n&2
s (t), (A
n&1
s (t)&A
n&2
s (t)) dt),
A7(s, {)= 12 |
{
0
(LAi 0Usn&1(t)&LAi 0U sn&2(t))(z
n&1
s (t), ei) dt,
A8(s, {)= 12 |
{
0
LAi 0Usn&1(t)(z
n&1
s (t)&z
n&2
s (t), ei) dt.
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From the equalities above, we obtain
E[ sup
{ # [0, 1]
|q(U n&1s )({)&q(U
n&2
s )({)|
2]D1+ } } } +D8 ,
where
Di=E[ sup
{ # [0, 1]
|Ai (s, {)| 2], i=1, ..., 8.
Using the facts that &zns &H=&h&H and O
n
s (t) # O(d ) for all (s, t) #
[&S, S]_[0, 1], and since we have
|Ans(t)|C( |h4 (t)|+1), (3.13)
the following estimates can be derived using BurkholderDavisGundy and
Ho lder inequalities,
D1 C &h&H E[ sup
{ # [0, 1]
&U n&1s ({)&U
n&2
s ({)&
2],
D2CE[&zn&1s &zn&2s &2H],
D3C &h&H &On&1s &O
n&2
s &
2,
D4C &h&H (&h&H+1) E[ sup
{ # [0, 1]
&U n&1s ({)&U
n&2
s ({)&
2],
(3.14)
D5C(&h&H+1) E[&zn&1s &z
n&2
s &
2
H],
D6C &h&H _An&1s &An&2s _2,
D7C &h&H E[ sup
{ # [0, 1]
&U n&1s ({)&U
n&2
s ({)&
2],
D8CE[&zn&1s &zn&2s &2H].
Here we use the NashWhitney Theorem to embed O(M ) as a Riemannian
submanifold in RN for some integer N, and &U n&1s &U
n&2
s & denotes the
distance between U n&1s and U
n&2
s on O(M ) induced by the standard
Euclidean metric on RN via this embedding.
Combining the above estimates for Di , we get
E[ sup
{ # [0, 1]
|q(zn&1s )({)&q(z
n&2
s )({)|
2]
CE[ sup
{ # [0, 1]
|On&1s ({)&O
n&2
s ({)|
2]
+CE _|
1
0
|An&1s ({)&A
n&2
s ({)|
2 d{&
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+CE[ sup
{ # [0, 1]
&U ns ({)&U
n&1
s ({)&
2]+CE[&zns &z
n&1
s &
2
H]
C &!n&1s &!
n&2
s &
2+CE[sup
{
&U ns({)&U
n&1
s ({)&
2]
+CE[&zns &z
n&1
s &
2
H]. (3.15)
By (3.8.5), we obtain
E[&zns &z
n&1
s &
2
H]C &h&H &!
n
s &!
n&1
s &
2. (3.16)
On the other hand, U ns is defined by (3.8.2), i.e., U
n
s satisfies the following
Stratonovich SDE on O(M ),
dU ns (t)= :
d
i=1
Ai (U ns (t)) b d!
n, i
s (t), U
n
0=r0 .
Using the BuckholderDavisGundy inequality, we can prove that
E[ sup
{ # [0, 1]
&U ns &U
n&1
s &
2]C &!ns &!
n&1
s &
2. (3.17)
By (3.12), (3.15), (3.16), (3.17) together with (3.11), we prove (3.9), i.e.,
E[ sup
{ # [0, 1]
&Ons ({)&O
n&1
s ({)&
2]C |
s
0
&!n&1r &!
n&2
r &
2 dr.
For the proof of (3.10), notice that
|Ans({)&A
n&1
s ({)|s |O
n
s({)&O
n&1
s ({)| |h4 ({)|
+ 12 }Ons ({) |
s
0
Onr({)
&1 RicU rn&1({)(z
n&1
r ({)) dr
&On&1s ({) |
s
0
On&1r ({)
&1 RicUrn&2({)(z
n&2
r ({)) dr }
I1+I2 ,
where
I1C sup
{
|Ons ({)&O
n&1
s ({)| |h4 ({)|.
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Using O&11 &O
&1
2 =O
&1
1 [O2&O1] O
&1
2 , and the uniform boundness of
Ons and [O
n
s ]
&1, we obtain
I2 C |Ons({)&O
n&1
s ({)| } |
{
0
Onr ({)
&1 RicUrn&1({)(z
n&1
r ({)) dr }
+C |
{
0
|Onr({)
&1&On&1r ({)
&1| |RicU rn&1({)(z
n&1
r ({))| dr
+C |
{
0
|RicU rn&1({)(z
n&1
r ({))&RicUrn&2({)(z
n&2
r ({))| dr
I21+I22+I23 ,
with
I21 C &h&H |Ons ({)&O
n&1
s ({)|
I22C &h&H |
{
0
|Onr ({)
&1&On&1r ({)
&1| dr
C &h&H |
{
0
|Onr ({)&O
n&1
r ({)| dr.
Moreover
I23 =|
{
0
|RicU rn&1({)(z
n&1
r ({))&RicUrn&2({)(z
n&2
r ({))| dr
C &h&H |
s
0
|RicU rn&1({)&RicUrn&2({) | dr
+C |
{
0
|zn&1r ({)&z
n&2
r ({)| dr
C &h&H |
s
0
|U n&1r ({)&U
n&2
r ({)| dr
+C |
s
0 } |
{
0
(On&1r (t) h4 (t)&O
n&2
r (t) h4 (t)) dt } dr
C &h&H |
s
0
|U n&1r ({)&U
n&2
r ({)| dr
+C &h&H |
s
0
sup
t
|On&1r (t)&O
n&2
r (t)| dr.
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Hence
|An(s, {)&An&1(s, {)|C |h4 ({)| sup
{
|Ons ({)&O
n&1
s ({)|
+C &h&H sup
{
|Ons({)&O
n&1
s ({)|
+C &h&H |
s
0
sup
{
|Onr (t)&O
n&1
r ({)| dr
+C &h&H |
s
0
|U n&1r ({)&U
n&2
r ({)| dr,
E _|
1
0
|Ans ({)&A
n&1
s ({)|
2 d{&II1+II2+II3+II4 .
Notice that
II1 =CE |
1
0
sup
{
|On(s, {)&On&1(s, {)|2 |h4 ({)| 2 d{
CE[ sup
{ # [0, 1]
|On(s, {)&On&1(s, {)| 2] &h&2H
C &h&2H &O
n
s &O
n&1
s &
2;
II2=C &h&2H E[sup
{
|On(s, {)&On&1(s, {)|2]
C &h&2H &O
n
s &O
n&1
s &
2;
II3=C &h&2H E _\|
s
0
sup
{
|On(r, {)&On&1(r, {)| dr+
2
&
C &h&2H |
s
0
E[sup
{
|On(r, {)&On&1(r, {)|2] dr
C &h&2H |
s
0
&On(r)&On&1(r)&2 dr;
II4=C &h&2H E _|
1
0 \|
s
0
|Un&1(r, {)&Un&2(r, {)| d{+
2
d{&
C &h&2H E _|
s
0
sup
{
|Un&1(r, {)&Un&2(r, {)|2 dr&
C &h&2H |
s
0
E[sup
{
&Un&1(r, {)&Un&2(r, {)&2] dr.
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Therefore
_An(s)&An&1(s)_2
C &h&2H \&On(s)&On&1(s)&2+|
s
0
&On(r)&On&1(r)&2 dr+
+C &h&2H |
s
0
E[sup
{
&Un&1(r, {)&U n&2(r, {)&2] dr. (3.18)
From (3.9), (3.17), and (3.18), we obtain
_An(s)&An&1(s)_2
C &h&2H |
s
0
&!n&1(r)&!n&2(r)&2 dr
+C &h&2H |
s
0
|
r
0
&!n&1(u)&!n&2(u)&2 du dr
C &h&2H |
s
0
&!n&1(r)&!n&2(r)&2 dr
+C &h&2H |
s
0
(s&u) &!n&1(u)&!n&2(u)&2 du
C &h&2H |
s
0
&!n&1(r)&!n&2(r)&2 dr. K
End of Proof of Theorem 3.4. Combining (3.9), (3.10), and (3.11), we
derive
&!ns &!n&1s &2C |
s
0
&!n&1r &!n&2r &r dr.
By induction we obtain
&!ns &!
n&1
s &
2
(Cs)n
n !
.
This implies the existence of the strong limit in the norm & }& defined
by (3.11):
!s= lim
n  
!ns .
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Moreover
zns =|
{
0
Ons (t) h4 (t) dt
has also a strong limit zs in L2(X, +0 , H ), and
zs({)=|
{
0
Os(t) h4 (t) dt.
This follows from
E _|
1
0
|z* ns ({)&z* s({)|
2 d{&E _|
1
0 \|
{
0
(Ons(t)&Os(t)) h4 (t) dt+
2
d{&
E[ sup
t # [0, 1]
|Ons (t)&Os(t)|
2] &h&2H
&h&2H &O
n
s &Os&
2  0.
The convergence of (Ons , A
n
s , z
n
s , !
n
s , U
n
s ) in the norm is therefore
established. It’s clear that the strong limits (Os , As , zs , !s , Us) of (Ons , A
n
s ,
zns , !
n
s , U
n
s ) satisfy the equivalent geometric geodesic equation (3.7) in
Proposition 3.3. Hence the existence of the geodesic on Pm0(M ) with
respect to the Markovian connection is proved. Moreover the proof shows
that for any given S # R+, the geodesic equation for (#s , !s , zs) on Pm0(M )
has a solution on [&S, S], therefore the lifetime of this geodesic is infinite,
i.e., the geodesic is globally defined for all s # R.
To prove uniqueness, let (Os , As , Zs , !s , Us) and (O s , A s , z~ s , ! s , U s)
be two solutions of the geodesic equations with the same initial condition.
Using the same argument as above, we can show that
&!s&! s&C |
s
0
&!r&! r& dr,
which implies that !s=! s holds +0 -a.s. for s # [&S, S] for all S>0 using
Gronwall’s inequality. K
We now study the quasi-invariance of the Wiener measure on the path
space under the geodesic transformation #  \(s).
Let h # H be fixed. We denote by ,s : X  X the application given by
,s(x)({)=!s({). (3.19)
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It’s clear that ,s is a measure theoretic isomorphism on the Wiener space
(X, +0), and for +0 -a.s. y # X, we have
,&1s ( y)({)=|
{
0
O&1s (r) dy(r)&|
{
0
O&1s (r) As(r) dr. (3.20)
Theorem 3.6. Let h # H be fixed. We denote +h, s0 =,s* +0 . Then +
h, s
0 is
absolutely continuous with respect to +0 , and the RadonNikodym derivative
is given by
d+h, s0
d+0
(x)=exp _|
1
0
(As(,&1s (x))(t), dx(t))&
1
2 |
1
0
|As(,&1s (x))(t)|
2 dt& .
(3.21)
Moreover for any p1,
d+h, s
d+0
# L p(+0).
Proof. By Theorem 3.4, !(s, {) has the DoobMeyer decomposition
given by (O(s, {), A(s, {)) which is an adapted O(d)_Rd-valued process.
Define the local exponential martingale
Ms(x)({)=exp _|
{
0
(As(,&1s (x))(t), dx(t))&
1
2 |
{
0
|As(,&1s (x))(t)|
2 dt& .
Notice that by (3.7.3),
E _|
1
0
|As(,&1s (x))(t)|
2 dt&E _C |
1
0
( |h4 (t)|+1)2 dt&<,
and therefore, by Novikov’s Theorem, we have
E[Ms(1)]=1.
Using the same argument as in the proof of Theorem 2.1 of Driver [5],
by the invariance of the Wiener measure under an adapted O(d )-valued
rotation process which is a consequence of Levy’s theorem, and by
Girsanov’s theorem, we can prove that +h, s0 is absolutely continuous with
respect to +0 , the RadonNikodym derivative being expressed by (3.21).
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Moreover for any p1, we have
E _} d+
h, s
d+0 }
p
&
=E _exp \p |
1
0
(As(,&1s (x))(t), dx(t))&
p
2 |
1
0
|As(,&1s (x))(t)|
2 dt+&
E _exp \p( p&1)2 |
1
0
|As(,&1s (x))(t)|
2 dt+&
__exp \p |
1
0
(As(,&1s (x))(t), dx(t))&
p2
2 |
1
0
|As(,&1s (x))(t)|
2 dt+&
exp \p( p&1)2 C |
1
0
( |h4 (t)|+1)2 dt+
_E _exp \p |
1
0
(As(,&1s (x))(t), dx(t))&
p2
2 |
1
0
|As(,&1s (x))(t)|
2 dt+&
exp \p( p&1)2 C(&h&2H+1)+ . K
The above Theorem 3.4 and Theorem 3.6 can be transferred to the path
space Pm0(M), i.e., we obtain the following result.
Theorem 3.7. For +-a.s. # # Pm0(M ) and any fixed h # H, there exists an
unique solution \: R  BS(M) satisfying the Markovian geodesic equation
(2.5) with initial condition \(0)=#, \$(0)=Xh . Moreover the Wiener
measure + on the path space Pm0(M) is quasi-invariant under the geodesic
transformation #  \(s) for any s # R. Let +hs =\(s)* +. Then the RadonNikodym derivative is given by
d+hs
d+
(#)=
d+h, s0
d+
(I&1(#)), # # Pm0(M ), (3.22)
and for any p1, we have
d+hs
d+
# L p(+).
Proof. This follows from Theorem 3.4, Theorem 3.6, and the fact that
the Ito^ map I: X  Pm0(M ) preserves the class of Brownian semimar-
tingales and is a measure theoretic isomorphism between the Wiener space
(X, +0) and the path space (Pm0(M), +). K
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Remark 3.8. The definition of the Markovian connection implies that
Os({) and zs({) satisfy the same ODE, i.e., (3.7.1) and (3.1.2). We point out
that this fact plays an important role in the proof of Theorem 3.4. For
example, we can define a negative Markovian connection { on Pm0(M ) only
replacing (2.1) by
d
d{
{ uv(#, {)=&qu({) v* ({), (3.23)
but until now, we could not prove the existence of geodesics on Pm0(M )
with respect to this negative Markovian connection.
Remark 3.9. The problem of existence of the geodesic on the path
spaces with respect to the LeviCivita connection corresponding to the
canonical inner product in the Cameron-Martin space H (cf. Cruzeiro and
Malliavin [3]) remains open. We can only obtain the local existence and
the local uniqueness of the geodesic on the finite energy path space
equipped with the LeviCivita corresponding to the canonical inner
product on H, i.e., for any # # H1(M )=[# # Pm0(M ): 
1
0 |#* ({)|
2 d{<],
and any V # T#H1(M ), there exists an unique geodesic \s w.r.t. the
LeviCivita connection on H1(M ) defined on an interval (&=, =) such that
\(0)=#, \$(0)=V. Moreover, we can prove that H1(M ) is a totally
geodesic submanifold of Pm0(M ).
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